Abstract. Some existence theorems of solutions of a new class of generalized vector F-implicit complementarity problems with the corresponding generalized vector F-implicit variational inequality problems were established.
Introduction with preliminaries
After Lemke [22] introduced complementarity problems, there have been many discussions on the problems and the corresponding variational inequality problems [4-8, 10-20, 23-25] . Implicit complementarity problems were originally considered with the dynamic programming approach of stochastic impulse and continuous optimal control [2, 3, 18] . In 1991, Chang and Huang [5] considered the relation between multi-valued implicit complementarity problems and multi-valued implicit variational inequality problems.
In [24] , the following scalar F-complementarity problems and the corresponding variational inequality problems were considered, where K is a closed convex cone of a Banach space X with a topological dual X * , T : K → X * a mapping and F : K → R a function; Find x ∈ K such that T x, x + F (x) = 0, T x, y + F (y) ≥ 0, ∀y ∈ K, and find x ∈ K such that T x, y − x + F (y) − F (x) ≥ 0, ∀y ∈ K.
In 2004, Huang and Li [12] studied a new class of scalar F-implicit complementarity problems and the corresponding F-implicit variational inequality problems in Banach spaces. Later, in 2006, Li and Huang [23] extended some results in [12] to the vector case and presented the equivalent relation between F-implicit complementarity problem and F-implicit variational inequality problem. They also obtained some new existence theorems for solutions of their problems by using F-KKM theorem under some suitable assumptions without monotonicity.
In [21] , the authors considered the following vector F-implicit complementarity problem (GVF-ICP); Find x ∈ K such that
and the following corresponding vector F-implicit variational inequality problem (GVF-IVIP); Find x ∈ K such that
where K is a nonempty closed convex cone of a Banach space X, (Y, P ) is an ordered Banach space induced by a pointed closed convex cone P , L(X, Y ) the space of all continuous linear mappings from X into Y and
This paper considers the following generalized multi-valued vector F -implicit complementarity problem (GMVF-ICP); finding x ∈ K such that for all y ∈ K, there exists T ∈ N (Ax, Bx) satisfying
and T, f (y) + w ∈ C(x), for all w ∈ F (f (y)), and the following generalized multi-valued vector F -implicit variational inequality problem (GMVF-IVIP); finding x ∈ K such that for all y ∈ K, there exists T ∈ N (Ax, Bx) satisfying
for some v ∈ F (g(x)) and for all w ∈ F (f (y)), which was considered and studied in [23] for a constant cone P . The following vector F-implicit variational inequality problem (VF-IVIP) of finding x ∈ K such that
is a particular form of (GMVF-IVIP), considered and studied in [23] . (3) The following are all special cases of (GMVF-ICP) considered previously.
which were considered by Huang and Li [12] .
which was studied by Yin et al. [24] .
which was studied by Isac [14, 15] .
which was studied by Chen and Yang [6] .
Main results
The following KKM mapping is a very useful mapping in nonlinear analysis.
where conv denotes the convex hull and F(K) a family of finite subsets of K.
Definition 2.2 ([1])
. Let X and Y be normed spaces. A multi-valued mapping T : X → 2 Y is said to be a process if its graph is a cone.
Note that a multi-valued mapping T : X → 2 Y is a process if and only if
If a process F is a single-valued mapping then it is said to be positively homogeneous.
The following F-KKM theorem is a useful key in our result. 
Proof. By the definitions of (GMVF-ICP) and (GMVF-IVIP), (i) easily holds.
) and for all w ∈ F (f (y)).
Since 0 ∈ f (K), there exists y 1 ∈ K such that f (y 1 ) = 0. By substituting w with 0 in (2.1), we obtain that
and w = 2v, we obtain that
By adding (2.1) and (2.2), we have
Therefore x is a solution of (GMVF-ICP).
The solution set S AV of (GMVF-IVIP) for A is [0, 2], but the solution set S AC of (GMVF-ICP) for A is {0}. To show the existence of v ∈ F (g(x)) such that
On the other hand,
To have a solution of (GMVF-IVIP) for B, it must hold that y
and
A(x), g(x)
+ v = 2x + v. Therefore the solution set S BV of (GMVF-IVIP) for B is [0, 2], while the solution set S BC of (GMVF-ICP) for B is {0}. Thus the solution set of (GMVF-IVIP) is S AV ∪ S BV = [0, 2] and that of (GMVF-ICP) is S AC ∪ S BC = {0}.
In Example 2.1, if we put f (x) = x 2 then f is onto and thus Theorem 2.1 holds; in this case, the common solution set for (GMVF-IVIP) is {0}.
Since every process F satisfies F (2x) = 2F (x) for each x ∈ X and 0 ∈ F (0), Theorem 2.1 has the following corollary.
Y be a process. If 0 ∈ f (K) and 2g(K) ⊂ f (K), then (GMVF-IVIP) and (GMVF-ICP) are equivalent.
The mapping F : K → 2
Y in Example 2.1 is a multi-valued mapping which is not a process but satisfies condition of (ii) in Theorem 2.1.
Corollary 2.2. Let N and F be single-valued mappings and f = g. (i) If x solves (GVF-ICP), then it also solves (GVF-IVIP). (ii) Let K be a closed convex cone, F : K → Y positively homogeneous and f onto. If x solves (GVF-IVIP), then it also solves (GVF-ICP).

Corollary 2.3 ([23]). (i) If x solves (VF-ICP), then it also solves (VF-IVIP).
(
ii) Let K be a closed convex cone and F : K → Y positively homogeneous. If x solves (VF-IVIP), then it also solves (VF-ICP).
The following theorem improves and extends Theorem 3.2 in [23] . (x)). Then, the solution set of (GVF-IVIP) is a nonempty compact subset of K.
G(y) is a solution of (GMF-IVIP). First we claim that
{G(y)
: y ∈ K} has the finite intersection property.
Let {y 1 , . . . , y n } be a finite subset of K and set E = conv(D ∪ {y 1 , . . . , y n }). Then E is a compact and convex subset of K. Define multi-valued mappings F 1 , F 2 : E → 2 E as follows: for each y ∈ E,
and for some v ∈ F (g(x))} and
To show that F 2 is a KKM-mapping, suppose that there exists a finite subset
which is a contradiction to the assumption (i) of (b). Therefore F 2 is a KKMmapping. From the assumption (ii) of (b) and the fact that C(x) is a cone, we have F 2 (y) ⊂ F 1 (y) for each y ∈ E. Hence F 1 is also a KKM-mapping. Since F 1 (y) = H ∩ E and H is closed in K, F 1 (y) is a closed subset of a compact set E and thus F 1 (y) is compact. By Lemma 2.1,
By assumption (c), each element of y∈E F 1 (y) can not belong to K\D but to D. 
Note that a multi-valued mapping
Y is a multi-valued mapping with closed set values N , F are upper semicontinuous and A, B, g, f are continuous, then condition (a) of Theorem 2.2 holds. Therefore we obtain the following existence result of solution for the (GMVF-IVIP).
be upper semicontinuous multi-valued mappings and C(x) be closed for each
for all T ∈ N (Ax, Bx), for some w ∈ F (f (y)), for all v ∈ F (g(x)). Then, the solution set of (GVF-IVIP) is a nonempty compact subset of K.
Y is a constant mapping, then we have the existence theorem for (GVF-IVIP) as a corollary. If N (A, B) = {A}, f is the identity mapping, F is a single-valued mapping and C is a constant mapping, then we obtain an existence theorem for (VF-IVIP). Proof. The result follows from Theorem 2.1 and Theorem 2.2.
